A NOTE ON THE DECOMPOSITION OF TREES
INTO ISOMORPHIC SUBTREES

Noga Alon

Abstract

Caro and Schonheim gave a necessary condition for a
tree H to be the union of pairwise edge disjoint sub-
trees, each isomorphic to a given tree G, and showed
that this condition is not sufficient in general. They
raised the following question:

Does the sufficiency of their condition for a given
tree G and for all trees H of the same size as G
imply its sufficiency for the given tree G and for all
trees H?

Here we answer this question affirmatively.

Our notation is similar to that of Caro and Schonheim in [1]. All
graphs considered in this note are finite. A graph H is said to have
a G-decomposition if it is the union of pairwise edge-disjoint sub-

graphs, each isomorphic to G. We denote this situation by G|H.
We denote by E(G) the set of edges of G and put e(G) = |E(G)].

If w is arcut peint of a tree T and {(u,zi): i < A szngh
is the set of edges incident with wu, then T-u is a forest consisting
of trees Tl""’Ts where z; € Ti for 1 £ i € s. Thebranches of
T at wu are the trees Ti u (u,zi), l1<1i<s. If v 1s a vertex
of T, v #u, let B(u,v,T) denote the unique branch of T at u

that contains v. We denote by B(u,T) the set of all branches at u.

Denote by dt k(u,T) the number of branches B at u such that
»
e(B) = t (mod k); the (mod k) branching vector of u is the vector
dk(u,T) = (dl,k(u’T)’dz,k(u’T)’""dk—l,k(u’T))' Notice that if T
has k edges then di k(u,T) is just the number of branches at u
’

having exactly i edges.

Let G be a tree with k edges, and let U be the set of cut
points of G. Let H be a tree and let V be the set of cut points
"of H. Denote by GIIH the following condition: For every v € V
dk(v,H) is a linear combination with non-negative integer coefficients

_of the vectors dk(u,G) (u € U).
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Theorem 2 in [1] states that if G and H are trees and
e(6G) > 1 then G|H > G||H. The converse is not true in general and

some simple counter examples are given in [1].

In our notation, Question 3 in [1] is whether the following

theorem is true:

THEOREM 1. Let G bDe a tree with k edges, k 2 1, and suppose
that for every tree T with k edges

GI|T ~ G|T (i.e. @||T > T is isomorphic to G).
Then for every tree H

¢l |H ~ ¢|a.

We shall prove this Theorem below. We note that its validity
establishes Theorems 3,4,5and 6 of [1] as immediate consequences of
Lemmas 1-8 of [1], and using it we can prove many more theorems of

the same kind.

Proof of Theorem 1. Let G be a tree satisfying the hypothesis of
the theorem. Assume k > 1 since otherwise there is nothing to prove.
An easy observation, stated as Observation 1 in [1], states that if
G||H then the number of edges of H is m:k for some m = 1. We
prove the assertion of the theorem by induction on m. For m=1

it holds by the hypothesis. Assume it holds for every m' < m, let

H be a tree with m-k edges, m > 1, and suppose G||H.

If there is a cut point u of H, and a branch B at u with
ml-k edges for some O < m < m, put Hl = B and let H2 be the

union of the remaining branches at u. Clearly Hl and H2 are trees.

It is easily seen that every cut point v of Hl is a cut point of
H and dk(v,Hl) = dk(v,H). Indeed this holds since B(V,Hl)\
{B(v,u,Hl)} = B(v,H)\{B(v,u,H)} and since

e(B(v,u,H) - e(B(v,u,Hl)) = e(Hz) = (m—ml)'k
implies e(B(v,u,H)) = e(B(v,u,Hl)) (mod k).

Similarly, every cut point v # u of H2 is a cut point of H
and dk(v’HZ) = dk(v,H). If u ditself is a cut point of HZ’ then
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clearly dk(u,Hz) = dk(u’H)' (Note the absence of the coordinate

d0 k(u,T) from the vector dk(u,T)!). Therefore G]lHl and GI]HZ,
’

and by the induction hypothesis Glﬂl and G|H,, which implies G|H,

as needed.

Thus we may assume that the number of edges of any branch of H
is not divisible by k. Let U denote the set of all cut points of
G.

By hypothesis, for every cut point v of H, there are non-

negative integers x(v,u) (u € U), such that
dk(v,H) = Z{x(v,u)-dk(u,G): u e Ul

We consider two cases.
CASE 1. There is a cut point v of H, such that
BxCy,uler: oo 0k > 1.

In this case, let uy €U satisfy x(v,uo) > 1. Clearly there

is an injective map
£z B(uO,G) + B(v,H)
such that
e(B) = e(f(B)) (mod k) for all B ¢ B(uO,G).

Put Hl = u{f(B): B ¢ B(uO,G)} and
H2 = u{B € B(v,H): B ¢ f(B(uO,G))}. Clearly H1 and H2 are edge-
disjoint trees and E(H) = E(Hl) U E(HZ)' Since f is not surjective,
both Hl and H2 have fewer edges than H. Clearly
t{e(B): B € B(uO,G)} = e(G) = k and thus e(Hl) t{e(£(B)):
B € B(uo,G)} = O(mod k) and e(Hz) = e(H) - e(Hl) = 0 (mod k). As

above it is easily checked, that for every cut point w # v of H1

]

dk(w,Hl) = dk(w,H), and that for every cut point q # v of H,
dk(q’HZ) = dk(q,H). In addition dk(v,Hl) = dk(UO’G) and
dk(v’HZ) Z{x(v,u).dk(u,c): u € U\{uo}} + (x(v,uo)-l)-dk(uo,G)-

Therefore GI[Hl and c[luz. By the induction hypothesis G[H;
and G]H2 and thus GIH. This completes the proof of Case 1.

CASE 2. For every cut point v of H, dk(v,H) = dk(u,G) for some
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u e U.

Recall that we assume that for no branch B of H e(B) = 0 (mod k).

We shall prove that under this assumption Case 2 is impossible. Indeed

suppose we are in Case 2 and let v be a cut point of H. By

assumption there is a cut point u of G and a bijection f: B(u,G) -
B(v,H) such that e(
e(B) < k for all B ¢ B(v,H), then e(B) = e(f(B)) for all

B € Blu,G),

and thus

B) = e(f(B)) (mod k) for all B ¢ B(u,G). If

k = e(G) = z{e(B): B e B(u,G)} = z{e(£(B)): B € B(u,G)} = e(H) =

contradicting the fact that m > 1. Thus, for every cut point v of

H, there 1s a branch B e B(v,H), such that

(1)

e(B) > k

Let B be a branch of H for which e(B) is minimal among all

branches of H having more than k edges. Assume that B is a

branch at v and let

Clearly w

is a cut

C € B(w,H)\{B(w,v,H)}

of B, implies

(2)

e(C) = k

w be the only vertex of B adjacent to V.
point of H (since k > 0), and for every

e(C) < e(B). This, together with the minimality

for all C ¢ B(w,H)\{B(w,v,H)}.

By assumption there is a cut point z of G and a bijection
g: B(w,H) - B(z,G)
e(B) = e(g(B)) (mod k). This and (2) imply that

(3)

e(C) = e

such that for every B e B(w,H),

(g(C))

for all C ¢ B(w,H)\{B(w,v,H)}. (1), (2) and (3) dimply
k <e() = 1+z{e(C): Ce B(w,H)\{B(w,v,H)}} =
1 + I{e(g(c)): C ¢ B

1+ z{e(B):

impossible.

B € B(z,

(w,E)\{B(w,v,H) }} =
G)} - e(g(B(w,v,H))) <1+ k -1=k, which is

Thus Case 2 is impossible and the validity of Theorem 1 is

established.

O

As we remarked, using Theorem 1 we can prove many results of the
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same kind as Theorems 3,4,5 and 6 of [1]. Theorem 2 below is

one such result. We note that it implies Theorems 3,4, and 5 of

[1] as special cases, and it is certainly more general than these

three theorems.

THEOREMN 2. ~Foli St ool e 1>t > oo apme sl Slads Pl e o)
1 2 r e r

denote the tree consisting of r paths PJ,P2,...,PP meeting at one

endpoint where Q(Pi) =n, for 1 s°¢ 7.
If r'=2 ortfen>2 and nySn, .. #n, then for every
‘tree H

[}

T(nz,n ..,nP)|H > T(n ..,np)||H.

PR e

We omit the proof of Theorem 2, since it follows quite easily

from Theorem 1.
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